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Hybrid Optimization Strategy Beyond Local Optima
in Aerospace Panel Designs
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Convergence to local optima rather than the global optimum is a common shortcoming of directed search
(gradient-based) optimization techniques. Successive convergence on better local optima is an ef� cient way of
� nding the global optimum and is achieved by the proposed hybrid global optimization strategy, which combines
ideas from the improving hit-and-run and the tunneling global optimization methods. The searching technique of
improving hit-and-run is adapted to � nd suitable starting points to converge on other (better) local optima. The
suitability of candidate starting points is con� rmed by the concept of the tunneling method. The strategy presented
has unique features due to the underlying structural theory being exact, in the sense of differential equations being
solved for the member (or element) stiffnesses so that they are transcendental functions of the load factor. Hence
the buckling eigenproblem for the entire structure is a transcendental one, instead of the linear one associated with
the more usual � nite element method formulations. Constrained minimum-mass aerospace panel stability design
problems are used to demonstrate the ef� ciency and robustness of the hybrid global optimization strategy.

I. Introduction

F OR many engineering optimization problems, multiple local
optima exist within the multidimensional design space. The

best local optimum is deemed to be the globaloptimum.Finding the
global optimum rather than a local optimum is vital in constrained
structural optimization problems where mass is at a premium, e.g.,
in aerospace structures.

There are two main categories of optimizationmethods: directed
search and random search. Directed search optimization methods,
which include the optimality criteria1 and feasibledirections2 meth-
ods, use the gradientsof the objective functionand of the constraints
to converge ef� ciently to the solution but suffer from the drawback
of potentially being trapped at a converged local optimum. Purely
random search methods, including genetic algorithms3– 6 and sim-
ulated annealing,7 search extensively through the design space at
random points for better designs and are increasingly being used
in global optimization.Their independenceof gradients means that
they are less prone to converge to local optima but are relatively
computationally expensive as very many objective and constraint
function evaluations may be required to guarantee convergence.

The higher computationalef� ciency of directed search methods,
comparedwith that of random search methods, has motivated much
research on how to escape from converged local optima and to � nd
better local optima successivelyand hence the global optimum. Ex-
amples include Levy and Gomez’s tunneling method,8 the improv-
ing hit-and-run method (IHR) by Zabinsky et al.9 and Zabinsky,10

and the successiveapproximationmethodby Snyman and Stander.11

The tunneling method generally requires the use of penalty func-
tions for constrainedproblems,and IHR suffers slower convergence
for such problems.

We propose in this paper to combine some of the ideas of the
tunneling and IHR methods into a hybrid global optimization strat-
egy for solving constrained structural optimization problems. The
hybrid strategy does not require the use of penalty functions. Its
ef� ciency and robustness are demonstrated by using the authors’
software VICONOPT12 as a test-bed program to solve example
aerospace panel design problems in which an objective function
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f .X/ is minimized subject to constraints g j .X/ and simple bounds
on the design variables, i.e.,

minimize

f .X /; X D fx1; x2; : : : ; xngT .1/

subject to

g j .X / · 0; j D 1; 2; : : : ; m (2)

xli · xi · xui ; i D 1; 2; : : : ; n (3)

where m is the number of constraints imposed, xli and xui are, re-
spectively, lower and upper bounds on each design variable xi , and
n is the number of design variables that can be plate widths, thick-
nesses, and/or ply-angle orientationsof the compositematerial. For
the example problems of this paper, the objective function f .X/ is
simply the panel mass, althoughmore complex models of manufac-
turing costs could equally be used.13 The constraints g j .X /, which
include buckling, material strength, and geometric requirements,
commonly lead to the existence of multiple local optima.

The strategyhas unique features because of the underlyingstruc-
tural theory being exact, in the sense of differential equationsbeing
solved for the member (or element) stiffnesses so that they are tran-
scendental functions of the load factor. Hence, the buckling eigen-
problemfor theentirestructureis a transcendentalone, insteadof the
linear one associatedwith the more usual � nite element method for-
mulations and can be solved iterativelyusing the Wittrick–Williams
algorithm.14

II. Optimization Methods
A. Tunneling Method

Figure 1 is a schematic plot of the objective function (i.e., mass)
against (generalized) changes to the design variables. Points on or
above the solid curve satisfy all of the constraints and therefore
represent feasible designs, whereas points below the solid curve
represent infeasible designs. The basic concept of the tunneling
method8 is to search in the neighborhood region of the converged
local optimum A to � nd another feasible design C3 that shares its
mass fA . Because the converged local optimum A is at the base
of a valley, the newly found feasible design C3 of the same mass
is guaranteed to be in the valley of a different, but not necessarily
better, local optimum B. In physical terms the search has tunneled
from the converged local optimum A through a hill into the valley
of a different local optimum B. The newly found feasibledesign C3

is then used as the starting point from which to converge on this
local optimum B. For unconstrained problems the feasible design
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Fig. 1 Possible searching moves to feasible candidate designs Ck (k =
1; 2, and 3). C1 is within the valley of the previously converged local
optimum A of mass fA. C2 and C3 are within the valley of a different,
not necessarily better, local optimum B.

C3 is ef� ciently found by the use of the tunneling function8 with a
zero-� nding algorithm.For constrainedproblems penalty functions
are generally used, and the searching process can be severely ham-
pered as its effectivenessrelies on the accuracy of the de� nitions of
the penalty functions. This is why the searching technique of IHR,
which does not use penalty functions, has been judged to be more
suitable for � nding feasibledesigns for constrainedproblems in the
hybrid global optimization strategy presented in Sec. III.

B. IHR Method
The IHR method9 is a random search algorithm. At each itera-

tion the method generates a candidate point for improvement, and
the iterations are uniformly distributed along a randomly chosen
direction within the feasible region. A candidate point is accepted
as the next iterate only if it offers improvement over the current
best design. The random direction is generated from the multivari-
ate normal distributionwith zero mean and covariancematrix H ¡ 1.
IHR achieves the analytically established polynomial convergence
performance only when H is positive de� nite and is set to the Hes-
sian of a quadratic objective function. Slower convergence occurs
for other types of problem, such as those considered in this paper,
for which the directiondistributionis uniform in a hyperspherewith
H set to the identitymatrix.This is why the tunnelingmethod step of
converging on the local optimum before proceeding in a randomly
chosen direction is preferred in the hybrid global optimizationstrat-
egy presented in the next section.

III. Hybrid Global Optimization Strategy
The proposed hybrid global optimization strategy � rst converges

on a local optimum using the VICONOPT design procedure,which
is based on the method of feasible directions.2 This local optimum
is quite likely to be the one nearest to the (user-speci�ed) initial
design and is therefore unlikely to be the global optimum. The pro-
posed strategy next uses the adapted IHR searching technique to
� nd a new valley, which is numerically con� rmed to be distinct
from the � rst valley by the tunneling concept. The corresponding
local optimum of this newly found valley is then converged on us-
ing the VICONOPT design procedure.The global optimum is thus
obtained by successively � nding and converging on other (better)
local optima. The principal steps of this hybrid global optimization
strategy are outlined in Fig. 2 and are described in more detail as
follows (all step numbers referring to the steps of Fig. 2).

A. Random Directions and Candidate Designs
Each random directionvector is constructedat step 2 from n ran-

dom numbers lying between zero and one using a uniform random
number generator based on the subtractive method.15 Subtracting
these random numbers from a datum value of 0.5 gives the n com-
ponents of a random direction vector, each lying between ¡0:5 and

Fig. 2 Steps of the hybrid global optimization strategy.

0.5 (so that there is an equal chance of increasing and decreasing
each of the design variables from their values at the best local op-
timum so far converged on). Because the dimensions of the design
variables can be of different order, e.g., plate breadths and thick-
nesses, the positive and negative components of the random direc-
tion vector are scaled such that ¡0:5, 0.5, and 0 represent xli ; xui ,
and the current value of xi , respectively.This has the advantagethat
if any design variable is close to its lower/upper bound at the local
optimum, when searching toward the oppositebound,bigger moves
away from the local optimum can be made. Thus the search is en-
couraged to move well away from the local optimum and hence is
more likely to escape from it.

A number of candidate designs are uniformly distributed along
this random direction. This number of candidate designs is deter-
mined, for each random direction, in the way described in Sec. IV.
Each candidatedesign is checked in turn for feasibility,startingwith
the one most remote from the current best local optimum (see steps
3 and 4).

B. Classi� cation of Candidate Designs
Each candidatedesign along the randomdirectionis � rst checked

for feasibility at step 4. For aerospace panel design problems the
checks for material strengthand geometric constraintsare relatively
quick, and the total time required for checking feasibility is dom-
inated by checks for buckling stability, for each of a number of
loading and response cases.

Such a stabilitycheck appears to requirea full bucklinganalysis16

to be performed iteratively to determine the critical buckling load
factor.However, a major advantageof the methodpresented is that it
instead uses a single iteration of the Wittrick–Williams algorithm14

to perform the check. The algorithm normally solves the transcen-
dental bucklingeigenproblemby iteratingon trial values of the load
factor, determining at each iteration the number J of buckling load
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factors exceeded by the current trial load factor. Thus the critical
buckling load factor is found by converging on the lowest load fac-
tor for which J > 0. A candidate design is checked for stability by
performing a single iteration of the Wittrick–Williams algorithm at
the design load: if J > 0, the design load exceeds the critical buck-
ling load and the candidatedesign is infeasible;otherwise, if J D 0,
the candidate design is feasible.

Figure 1 illustrates that the random direction is able, but unlikely,
to traverse the design space with a mass constant at the value for
the current best local optimum . f A/. Figure 1 also shows that a
feasible candidate design may be in the same valley as the current
best local optimum (e.g., C1 ) or in a different valley (e.g., C2 ).
The tunneling check of step 6 determines whether the candidate
design is in a different valley by checking whether any part of the
straight-line path between the current best local optimum A and
the candidate design (Ck; k D 1; 2; 3 in Fig. 1) is infeasible, i.e., the
random direction has tunneled through a hill into a different valley.
To check (approximately) if any part of this straight line is infeasible
and to include three common types of hills, i.e., symmetric, skewed
to the left, and skewed to the right, three equally spaced points
Pk ; Qk , and Rk (which divide the straight line path ACk into four
equal parts) are checked for feasibility. If any of them is infeasible,
the candidatedesign is con� rmed to be in a differentvalley (see step
7) and is used as a starting point for convergence on the new local
optimum at the base of this valley. This new local optimum may not
be a better local optimum. If all threepointsat step 6 are feasible, the
recovery procedure of step 8 is initiated to further clarify whether
the candidate design is indeed in the same valley as the current best
local optimum.

C. Recovery Procedure
The recoveryprocedureof step 8 is designed to cater to situations

where the tunneling check wrongly appears to show that a feasible
candidate design Ck , which would lead to a better local optimum
B, is in the same valley as the current best local optimum A. Such
situationsoccurwhen the hill sandwichedbetween A and B is either
small or � at, e.g., see Fig. 3. This is a schematic plot similar to
Fig. 1 in which the three equally spaced points Pk; Qk , and Rk on
the straight line ACk are all feasible. To step over this small or � at
hill, the recovery procedure linearly factors the candidate design
Ck along the straight-line path toward the zero origin of the design
space, instead of toward A, until the candidate design has the same
mass ( fA ) as the current best local optimum A. If this factored
candidatedesign is feasible (e.g., Dk in Fig. 3), it must lie within the
valley of a better local optimum than A. On the other hand, if the
factoredcandidatedesign is infeasible (e.g., Ek or Fk in Fig. 3), three
more designs are generatedon each side of it by linear interpolation
and extrapolation between A and Ek (or Fk ). These six designs,
denoted by crosses in Fig. 3, are, respectively, 0.7, 0.8, 0.9, 1.1,

Fig. 3 Illustration of the recovery procedure of step 8 to locate the
valley of a better local optimum. The labeled points denoted by ² are
de� ned in the text. The unlabeled points denoted by £ £ are linear inter-
polations and extrapolations used in the recovery procedure.

1.2, and 1.3 times as far from A as Ek (or Fk ). They are checked
in turn for feasibility, starting with the design farthest from A. Any
of these designs, if feasible, must lie within the valley of the better
optimum B.

If no feasible designs are found by the recovery procedure, the
candidatedesign Ck is assumed to be within the valley of the current
best localoptimumA. Thus the randomdirectionused is abandoned,
and the search continues with another random direction.

D. Upper and Lower Tunneling Masses
The tunnelingcheckof step6 is unableto detectwhethera feasible

candidate design is in a previously found valley of higher base (i.e.,
local optimum) mass than that of the current best local optimum
( fA ). Therefore, an upper tunneling mass fT is used, in conjunction
with step 2, to prevent tunnelingback into a previouslyfound valley.
fT is set to the higher mass of the best two local optima found so
far and is updated accordingly whenever a new local optimum is
convergedon. If the mass of the candidate design most remote from
the current best local optimum along the random direction is higher
than fT , then the random direction is abandoned in step 2, and
another random direction is generated.

When only one local optimumhas been found, fT is arbitrarilyset
to some percentage (e.g., 20%) above f A, to prevent � nding valleys
that would lead to other but probably not better local optima.

A feasible candidate design having a mass lower than fA is cer-
tain to be in the valley of a better local optimum. Because a valley
narrows toward its base, the probability of � nding such a feasible
candidate design is very small. To save the effort that would have
been wasted in showing candidatedesignsof mass lower than f A to
be infeasible, f A is regardedas a lower tunnelingmass.Thus any ran-
dom directionwhose most remote candidatedesignfrom the current
best local optimum has a mass lower than f A is rejected in step 2.

Because of the different weights of contribution of each design
variable to the mass, the mass varies only approximately linearly as
the design variables are varied linearly between two points within
the design space. Therefore the straight lines shown in Figs. 1 and
3 are only approximately straight. Nevertheless, this fact does not
affect the main features of the strategy presented. However, during
the feasibility check, along a random direction a design may have
a mass higher than fT or lower than fA , in which case the random
direction is abandoned.

E. Termination Criterion
When no additional local optima are found after a certain (large)

numberof randomdirectionshavebeensearchedalong(see step 11),
the strategy terminates, and the best local optimum converged on is
deemed to be the global optimum.

IV. Further Enhancements
A. Design Distinction Criterion

A simple arithmetic mean ® is used as a criterion to distinguish
two designs: A and G. ® is de� ned as

® D 1
n

nX

i D 1

jxGi ¡ xAi j
xui ¡ xli

.4/

This arithmetic mean ® is a numerical measure of how far apart,
within the design space, are the best convergedlocal optimum A and
the candidatedesignG. G can be any designalong the randomdirec-
tionbeingsearched,oneof thedesignsEk; Dk , andFk ofFig.3, or any
interpolated/extrapolateddesign between A and Ek or Fk . Therefore
accepting, as a new starting design, only a suitable feasible design
with an ® value greater than a user-speci�ed value further ensures
a different (better) local optimum is to be converged on. Hence
only designs along the random direction, with ® greater than some
speci� ed value ®min , should be checked for feasibility.This require-
ment is achieved by setting the number of candidatedesigns, evenly
spread along the random direction, equal to the nearest integer be-
low ®max=®min, where ®max is the ® value of the candidate design at
the furthest point in the random direction from the best converged
local optimum. There should also be a maximum number (e.g., 10)
of candidate designs to be distributed along the random direction.
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B. Restricting the Design Space
When two local optima are converged on, the upper tunneling

mass is likely to be very close to the lower tunneling mass, typ-
ically only a few percent higher. Therefore it is very demanding
to search the entire design space randomly to � nd a design with
a mass between the upper and lower tunneling masses. Therefore,
restricting the design space, during the random search only, would
be bene� cial. The two best converged local optima provide good
guidance on how to restrict the design space as other (better) local
optima are likely to lie within the proximity of these two distinct
local optima.Hence each dimensionof the design space is restricted
such that, with the best convergedlocal optimum as the centerpoint,
the distance between the new lower and upper bounds is a certain
percentage (e.g., 200%) of the distance between the two converged
local optima. Hence, the new restricted design space encloses the
two converged local optima and some space beyond. The new re-
stricteddesign space remains subject to the user-imposedlower and
upper bounds, and so it may be smaller than when simply restricted
in the way just described. Restricting the design space has another
bene� t. If any design variable has the same or very similar values
for the two converged local optima, restricting the design space ef-
fectively removes the design variable from the problem and hence
reduces the number of independent design variables. This in turn
reduces the complexity of the problem and hence further improves
the ef� ciency of the random searching process.

V. Numerical Examples
A. Example 1

The � rst example problem is the minimum-mass stability de-
sign of the simply supported metallic aerospace panel shown in
Fig. 4, which comprises a skin of thickness ts stiffened by nine
blades with alternatingheight (h1; h2 ) and thickness (t1; t2), equally
spaced as shown in Fig. 4a. The � ve dimensions shown in Fig. 4b
were taken as independent design variables. In contrast to previous
generalizedsolutions,17 the panel was arbitrarily set to be of length
L D 0:32 m and breadth B D 0:2 m. Young’s modulus, Poisson’s
ratio, and the density of the material were, respectively, 65 GPa,
0.3, and 2500 kg/m3 . The panel was longitudinally compressed by
a load of 104 kN, andno materialstrengthconstraintswere imposed.
The buckling analysis used half-wavelengths in the range 0.08B to
L to cover all possible modes of failure. The plate thicknesseswere
all constrained to lie between 0.45 and 4.05 mm, and the stiffener
heights between 5 and 45 mm. Reference 17 showed that the panels
of Figs. 4a (variant1) and 4b (variant2) are within the valleysof two
distinct local optima with the variant 2 optimum being the better of
the two.

Table 1 illustrates the hybrid global optimization process. The
variant 1 optimum shown in the third column, which is the worse of
the two optima,was � rst convergedon using the VICONOPT design
procedure,starting from the infeasible initial design speci� ed in the
second column of the table. After searchingalong 22 random direc-
tions, the strategyfound a feasiblecandidatedesign,which is shown
in the penultimate column of Table 1. This design is of the variant 2
type and was con� rmed, by the tunneling check, to be in a different

a)

b)

Fig. 4 Two distinct local optima of example 1 showing a) the variant 1
optimum with the stiffener spacing and b) the variant 2 optimum with
the � ve independent design variables.

Table 1 Values of the initial design, variant 1 optimum, feasible
candidate design, and the variant 2 optimum of example 1

Variant 1 Feasible Variant 2
Design Initial design optimum candidate optimum
variables (infeasible) (local) design (global)

h1, mm 24.0 21.6 12.6 9.51
h2, mm 12.0 9.68 23.5 21.5
ts , mm 0.60 0.717 0.562 0.695
t1 , mm 1.80 1.91 1.18 0.781
t2 , mm 0.60 0.705 2.54 2.07
Mass, g 292 301 340 284
® —— 0.000 0.266 0.259

valley to the variant 1 optimum previously found. The candidate
design was then used as a new starting design for the VICONOPT
design procedure, which led to convergence on the variant 2 opti-
mum shown in the � nal column of Table 1, whose mass is 5.6%
less than that of the variant 1 optimum. One hundred more random
directions were searched along for other suitable starting designs.
As no further local optima were found, the variant 2 optimum was
deemed to be the global optimum.

The upper tunneling mass was initially set 20% higher than the
mass of the � rst convergedvariant1 local optimum, i.e., 361 g. With
®min set to 0.02 and the maximum number of designs along one ran-
dom direction set to 10, a total of 165 designs along 22 random
directions were checked for feasibility, and 17 other designs were
abandoned. This represents a 17% saving of searching time com-
pared to that if the number of designs along each random direction
is � xed at 10, i.e., a total of 220 designs.The ® values of the feasible
candidate design and the variant 2 optimum are 0.266 and 0.259,
respectively.Both ® valuesare well above the speci� ed minimum of
0.02, indicating that the two local optima are well separated; this is
expected as the two local optima have very different physical char-
acteristics.The variant 1 optimum has four short and � ve tall blade
stiffenerswhereas the variant 2 optimum has the opposite, � ve short
and four tall blade stiffeners.

A separate run illustrated the necessity of the use of the upper
tunneling mass, as follows. Following convergenceon the variant 2
optimum, the upper tunneling mass fT was arti� cially increased to
40% above the 301 g mass of the variant 1 optimum. The strategy
found a feasible candidate design,which, when used as a new start-
ing design, would lead to convergence on the variant 1 optimum.
This run showed that, without an appropriate value for the upper
tunneling mass, it is possible to tunnel back into a previously found
valley.

B. Example 2
The second example problem is one of the problems studied by

the Group for Aeronautical Research and Technology in Europe
(GARTEUR) Working Group on Structural Optimization.18 Fig-
ure 5 shows the eight panels of the top skin of the Dornier 45-deg
swept compositewing. Panel P2, shownin Fig. 6, is a blade stiffened
panel with four equally spaced identical blade stiffeners.The panel
is assumed to be rectangular and prismatic and carries in-plane lon-
gitudinal, transverse, and shear loads. The panel was minimized on
mass subject to the constraints of buckling, material strength, and
geometric conditionsfor three load cases.Figure 6 shows the geom-
etry and layup details of the panel. The seven independent design
variables were the web height and ply thicknesses for the skin and
the web, i.e., h; t .§45/s; t .0/s; t .90/s; t .§45/w; t .0/w , and t .90/w ,
as shown in Fig. 6. Thirteen point supports were positioned, as il-
lustrated in Fig. 6, to represent simply supported end conditions.
The lower and upper bounds for web height were, respectively, 0.5
and 32.5 mm. The ply thicknesseswere limited to lie between lower
and upper bounds of 0.125 and 5 mm, respectively. The ply prop-
erties were E11 D 125 GPa, E22 D 8:8 GPa, G12 D G13 D 5:3 GPa,
G23 D 0:5 G13 D 2:65 GPa, º12 D 0:35, and density D 1620 kg/m3.
The upper tunneling mass was set initially to 30% above the � rst
converged local optimum, and then it was adjusted in the way de-
scribed in Sec. III.D when other local optima were converged on.
®min was set to 0.02.
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Fig. 5 Plan view of the top skin of the Dornier 45-deg swept composite
wing. Four of the eight panels are labeled. Fiber orientations are also
indicated.

Fig. 6 Cross section of panel P2, showing geometry and layup details.
h; t(µ)s , and t(µ)w are the independent design variables. Crosses denote
positions of point supports. Ply orientations for skin and webs corre-
spond to the directions illustrated in Fig. 5.

Shown in Table 2 are two local optima, 1 and 2, that are sim-
ilar in physical characteristics, i.e., optimum 2 is a re� nement of
optimum 1. They are similar to the two local optima found in the
GARTEUR study.18 Like the � rst example, the local optimum of
highermass, i.e., optimum1, was � rst convergedon.As optima1 and
2 share the same characteristics, the hill sandwiched between them
may be very small or � at. This is the type of dif� cult situation the
recoveryprocedureis designedto resolve.As expected,the recovery
proceduredid � nd a feasible candidate design,which, when used as
a new startingdesign, led to convergenceon the optimum2 shown in
Table 2. The feasible candidate design, shown in Table 2, was inter-
polatedbetween points A and Fk of Fig. 3. Because of the similarity
of the two convergedlocal optima, optima 1 and 2, the design space
was restricted during the random search to designs with the charac-
teristicsof theseoptima,and no additionallocaloptimumwas found.

The VICONOPT designprocedure� rst de� nes a small subdesign
space around the starting design within which it, guided by the
feasible directions, searches for better feasible designs. This sub-
design space around the current best feasible design diminishes

Table 2 Values of the initial design, optimum 1, feasible candidate
design, and optimum 2 of example 2

Feasible
Design Initial design Optimum 1 candidate Optimum 2
variables (infeasible) (local) design (global)

h , mm 16.25 32.50 32.2 32.5
t .§45/s , mm 0.125 0.584 0.547 0.525
t .0/s , mm 0.125 0.735 0.501 0.582
t .90/s , mm 0.125 0.125 0.125 0.136
ts , mm 0.875 3.93 3.31 3.40
t .§45/w , mm 0.125 0.125 0.125 0.136
t .0/w , mm 0.125 2.25 3.36 3.08
t .90/w , mm 0.125 0.125 0.125 0.125
tw , mm 0.875 5.13 7.35 6.84
Mass, g 550 2974 2975 2950
® —— 0.000 0.042 0.031

as the design procedure progresses until convergence. Restarting
the VICONOPT design procedure resets the subdesign space to its
default size, and using the converged� nal design as the new starting
design may step over the small or � at hill. Table 3 shows that, using
optimum 1 as the new startingdesign,an optimum close to optimum
2 was convergedon. At this point, becauseonly one local optimum,
i.e., optimum 2, has been found, the design space remained at its
initially user-speci�ed size. This enabled a suitable starting design
of different characteristics to be found by the searching process of
the hybrid global optimization strategy.

The second startingdesign, shown in Table 3, differs signi� cantly
from optima 1 and 2 in that, for the skin, the 0-deg ply t .0/s is much
thinner, and the 90-deg ply t .90/s is substantially thicker. This de-
sign was, as expected, con� rmed to be in a different valley by the
tunneling check. The better optimum 3, shown in Table 3, was con-
vergedon from this secondstartingdesign.The two optima foundso
far, i.e., optima 2 and 3, despite their differences,shared some com-
mon characteristics. Their values of h; t .§45/w , and t .90/w were
almost identical. Hence, after the design space was appropriately
restricted to enclose the two optima, the variables h; t .§45/w , and
t .90/w were effectively removed from the problem. The number of
independent design variables was thus reduced from seven to four.

The hybrid global optimization strategy continued to search in
the newly restricted design space and found a feasible candidate
design that was shown to be unsuitable as a new starting design by
the tunneling check. This design was thus factored, i.e., to Dk of
Fig. 3, and con� rmed to be suitable by the recovery procedure for
use as the third starting design, shown in Table 3, which is fairly
similar to optimum 3. Optimum 4 of Table 3 was converged on
from this third starting design. Table 3 shows that optimum 4 is a
re� nement of optimum 3 with a 1.0% mass reduction.No additional
local optimum was found after 100 further random directions were
searched. The best local optimum converged on, i.e., optimum 4,
was deemed to be the global optimum.

Two attempts were also made to use optima 2 and 3, separately,
as the initial starting design for the VICONOPT design procedure
to converge onto a better local optimum. Both attempts failed to
converge onto the better local optimum, i.e., from optimum 2 to
optimum 3 and from optimum 3 to optimum 4. In this context the
need for the hybrid global optimization strategy, particularly the
random search and the recovery procedure, is justi� ed. Optima 3
and 4 offer further mass savingsof 1.1 and 2.1%, respectively,com-
pared to the best optimum, i.e., optimum 2, found in the GARTEUR
study.18 Although such mass savings are quite small, they would
produce signi� cant savings in manufacturing and operating costs if
replicated over an entire aircraft wing.

In this study it was not possible to compare directly the compu-
tational effort required by the proposed method with that required
by competing methods. However, the inclusion of directed search
techniquesfor convergenceon localoptimagreatly reducesthe num-
ber of function evaluations compared with purely random search
methods. Moreover, the methods used to solve the transcendental
buckling eigenproblem enable many of the iterative constraint cal-
culations that dominate VICONOPT’s purely directed search to be
replaced here by single iteration feasibility checks.
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Table 3 Progress of the global optimization process of example 2, showing the details of the starting
designs and the converged optima

Initial First Second Converged
starting converged Second converged Third global

Design design optimum starting optimum starting optimum
variables (optimum 1) (» optimum 2) design (optimum 3) design (optimum 4)

h , mm 32.5 32.5 27.3 32.5 32.2 32.5
t .§45/s , mm 0.584 0.517 0.441 0.392 0.238 0.226
t .0/s , mm 0.735 0.566 0.471 0.125 0.125 0.125
t .90/s , mm 0.125 0.125 1.77 2.14 2.49 2.55
ts , mm 3.93 3.32 4.48 3.96 3.70 3.71
t .§45/w , mm 0.125 0.125 0.125 0.125 0.125 0.125
t .0/w , mm 2.25 3.23 2.97 2.04 2.51 2.38
t .90/w , mm 0.125 0.125 0.125 0.125 0.125 0.125
tw , mm 5.13 7.09 6.57 4.70 5.64 5.38
Mass, g 2974 2950 3334 2918 2917 2888
® —— 0.000 0.084 0.111 0.113 0.118
—— —— —— —— .0:000/a (0.088) (0.089)

aThe values in parentheses are the ® values when optimum 3 is the datum and the design space is restricted.

VI. Conclusions
A hybrid global optimization strategy has been presented. The

strategycombinesthe tunnelingand IHR optimizationmethodswith
a directed search method. The strategy has unique features because
of the underlyingstructuraltheorybeingexact, in the senseof differ-
entialequationsbeingsolvedfor themember (or element) stiffnesses
so that they are transcendental functions of the load factor. Hence,
the bucklingeigenproblemfor the entire structureis a transcendental
one, instead of the linear one associated with the more usual � nite
element method formulations.Minimum-mass aerospacepanel sta-
bility design problems were used as examples to demonstrate the
ef� ciency and robustness of the global optimization strategy and to
illustrate the following features of the strategy presented.

The global optimum is found by successively converging on bet-
ter local optima. Each converged local optimum is escaped from
by using a biased random search to � nd a suitable starting design,
which, as shown by the tunneling check, will lead to a different,
possibly better, local optimum. The random search is further as-
sisted, by the recovery procedure, to � nd suitable starting designs
in a valley that is separated from the best converged local optimum
by a small or � at hill. The use of an upper tunneling mass prevents
the possibility of returning to previously found local optima.

The hybrid global optimization strategy is mainly based on the
directed search feasible directions optimization method. Some fea-
tures of the strategy can be shown to be analogous to other op-
timization methods. For example, the reduction in the number of
independent design variables, via the design space restriction, is
similar to the selection of parents in genetic algorithms. The con-
cept of the hybridstrategypresented is to combine the advantageous
features of different optimizationmethods into a more ef� cient and
robust global optimization strategy, as illustrated in this paper.
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